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ファーストコア

等温エンベロープ

なぜMHDか？（とくに星形成）

• 宇宙のガスのほとんどがプラズマ ➡ MHD
• 星形成は分子雲でおきる。
• 分子雲内はほぼ中性

◦ 電離度 10‒7 程度。弱電離。
◦ 自由落下時間< 磁場の拡散 ➡ MHD

• 原始惑星系円盤
◦ オーム散逸が効く
◦ 赤道面に電離度が小さい領域 (dead zone)
◦ それ以外はMHD

• 星の近傍
◦ 電離度が大きい ➡ MHD

2Nakano+ 2002 doi:10.1086/340587

再掲



なぜ自己重力か？

• 中心天体 + 円盤 (e.g., BH + disk)
◦ 中心天体の質量 >> 円盤の質量 ➡ 点源重力
◦ それ以外 ➡ 自己重力

• 自己重力が効く場合
◦ 系の大きさ > ジーンズ長
◦ 宇宙大規模構造、銀河団・銀河形成、銀河円
盤、分子雲、星形成、星周円盤（連星形成、
渦状腕形成）、惑星形成（重力不安定によ
る）
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普通の学習法 ロードマップ

線形移流方程式（線形波動方程式）スカラー・１次元・１次精度

オイラー方程式（流体力学）

高次精度化

多次元化

MHD方程式

𝜕𝑼
𝜕𝑡 +

𝜕𝑭
𝜕𝑥 = 0

𝜕𝑢
𝜕𝑡
+ 𝑐

𝜕𝑢
𝜕𝑥

= 0

𝜕𝑼
𝜕𝑡

+
𝜕𝑭
𝜕𝑥

= 𝑂 Δ𝑥! + 𝑂(Δ𝑡!)

𝜕𝑼
𝜕𝑡 +

𝜕𝑭
𝜕𝑥 +

𝜕𝑮
𝜕𝑦 +

𝜕𝑯
𝜕𝑧 = 0

ローレンツ力を導入

ポアソン方程式（自己重力）
∇!𝜙 = 4𝜋𝐺𝜌

自己重力MHD方程式
𝜕𝑼
𝜕𝑡

+
𝜕𝑭
𝜕𝑥

+
𝜕𝑮
𝜕𝑦

+
𝜕𝑯
𝜕𝑧

= 𝒈

みなさんはいまどの段階ですか？
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お勧めのテキスト
Numerical Computation of Internal and 
External Flows, Computational 
Methods for Inviscid and Viscous 
Flows 

(Wiley Series in Numerical Methods in 
Engineering) (英語) ペーパーバック

1990/4

Charles Hirsch (著)

ピンク本と称される最強の教科書。
最強に分厚い。厚み4cm。
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お勧めのテキスト

Riemann Solvers and Numerical 
Methods for Fluid Dynamics: A 
Practical Introduction (英語) ハードカ
バー 2009/4/27
Eleuterio F. Toro (著)

リーマン解についての教科書
HLL系が好きなよう。
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お勧めのテキスト

Computational Gasdynamics (英語) 
ペーパーバック 1998/6/13
Culbert B. Lan

あると嬉しいかな。
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お勧めのテキスト

流体力学の数値計算法 単行本 1994/4
藤井 孝蔵 (著)

日本語の圧縮性流体力学の数値解法で一番
良い本。ただし説明が簡素。
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お勧めのテキスト

シミュレーション天文学 (シリーズ現代の
天文学) 単行本 2007/8
富阪 幸治 (編さん), 花輪 知幸 (編集), 牧野
淳一郎 (編集)

政治的な理由により、お勧めする。
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お勧めのテキスト

流体力学 2 (ランダウ=リフシッツ理論物
理学教程) 単行本 1971/11
エリ・ランダウ (著), イェ・リフシッツ
(著), 竹内 均 (翻訳)

流体力学についていろいろ書いてある。
絶版になった。残念。

2
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お勧めのテキスト

11

Numerical Recipes 3rd Edition: The Art 
of Scientific Computing
William H. Press (著), Saul A. Teukolsky (著), William T. 
Vetterling (著), Brian P. Flannery (著)

マルチグリッド法の節がおすすめ。
たった10数ページにエッセンスが凝縮。
Second edition 以降であればOK。

私はComputers in Physics に掲載された
FORTRAN77 版で勉強した（花輪さんに読まされ
た）。
PDF がダウンロードできる！
Multigrid Methods for Boundary Value Problems. I.
William H. Press and Saul A. Teukolsky
Computers in Physics 5, 514 (1991); https://doi.org/10.1063/1.4823014

Multigrid Methods for Boundary Value Problems. II.
William H. Press and Saul A. Teukolsky
Computers in Physics 5, 626 (1991); https://doi.org/10.1063/1.4823031

https://aip.scitation.org/doi/abs/10.1063/1.4823014
https://doi.org/10.1063/1.4823014
https://aip.scitation.org/doi/abs/10.1063/1.4823031
https://doi.org/10.1063/1.4823031


お勧めのテキスト

マルチグリッド法の数少ない良書
自己重力の解法でお世話になる。

Multigrid [ハードカバー]

Ulrich Trottenberg (著), Cornelius 
W. Oosterlee (著), Anton Schuller
(著) 

花輪さんが持っているのを見た。

12



流体力学
流体 = ガス
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圧縮性流体 vs 非圧縮性流体

出典： https://www.youtube.com/watch?v=XRJx1ba_6DE

出典：気象庁圧縮性流体 非圧縮性流体
𝛻 ⋅ 𝒗 = 0𝛻 ⋅ 𝒗 ≠ 0

超音速 亜音速 板書
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圧縮性流体を使う人は

• ジェット機を作る人
• ロケットを作る人
• 爆弾を作る人
• 天文学者

• 圧縮性の磁気流体力学(MHD)を使う人
は・・・
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衝撃波による爆縮 出典：NHK
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ザク 大気圏突入（機動戦士ガンダム） 衝撃波による加熱
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偏微分方程式の分類

双曲型

放物型

楕円形

@u

@t
= k

@2u

@x2

@2u

@x2
+

@2u

@y2
= ⇢

波動方程式
オイラー方程式（流体力学方程式）
→ 移流方程式
→ダランベールの解

熱伝導方程式

ポアソン方程式
ラプラス方程式
静電場
重力場

@2u

@t2
� c2

@2u

@x2
= 0

板書
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偏微分方程式の分類

A
@2u

@x2
+B

@2u

@x@y
+ C

@2u

@y2
+ · · ·

B2 � 4AC =

8
><

>:

> 0 hyperbolic PDE

= 0 parabolic PDE

< 0 elliptic PDE
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偏微分方程式の分類

双曲型

放物型

楕円形

@u

@t
= k

@2u

@x2

@2u

@x2
+

@2u

@y2
= ⇢

時間発展型 初期値問題
初期条件＋境界条件

時間発展型 初期値問題
初期条件＋境界条件

境界値問題
境界条件

@2u

@t2
� c2

@2u

@x2
= 0
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出典： Numerical recipes

初期値問題
initial value problem

境界値問題
boundary value problem
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r⇥B � 1

c

@E

@t
=

4⇡

c
J

ローレンツ力

マックスウェル方程式（アンペールの法則）
非相対論で変位電流を無視

F =
1

c
J ⇥B

=
1

4⇡
(r⇥B)⇥B

= � 1

8⇡
rB2 +

1

4⇡
(B ·r)B

= �r ·
 
B2

8⇡
I � BBT

4⇡

!
� 1

4⇡
B(r ·B)

磁気圧勾配＋磁気張力

MHD方程式の導出 ローレンツ力=磁気圧+磁気張力

磁気圧勾配 磁気張力
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誘導方程式

r⇥E +
1

c

@B

@t
= 0

r⇥B � 1

c

@E

@t
=

4⇡

c
J

J = �

✓
E +

1

c
v ⇥B

◆

マックスウェル方程式

オームの法則

𝑬 と 𝑱を消去すると

⌘ =
c2

4⇡�ただし理想MHDの誘導方程式 オーム散逸

他にも中性粒子とイオンの速度差を考えると両極性拡散が現れたりする。

@B

@t
= r⇥ (v ⇥B)�r⇥ (⌘r⇥B)
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MHD方程式
理想MHDの寄与

7 自己重力MHD基礎方程式 (非保存形式)

∂ρ

∂t
+∇ · (ρv) = 0 , (30)

ρ
∂v

∂t
+ ρ (v ·∇)v = −∇P +

1

4π
(∇×B)×B + ρg, (31)

∂B

∂t
= ∇×

(
v ×B − 4πη

c
J

)
, (32)

∂

∂t
(ρE) +∇ ·

[(
ρE + P +

|B|2

8π

)
v − B (v ·B)

4π
+

η

c
J ×B

]
= ρg · v (33)

∇2Φ = 4πGρ , (34)

ただし、
v = (vx, vy, vz)

T , (35)

B = (Bx, By, Bz)
T , (36)

g = (gx, gy, gz)
T = −∇Φ, (37)

E =
|v|2

2
+

1

(γ − 1)

P

ρ
+

|B|2

8πρ
, (38)

J =
c

4π
∇×B, (39)

8 自己重力MHD基礎方程式 (保存形式)

∂ρ

∂t
+∇ · (ρv) = 0 , (40)

∂

∂t
(ρv) +∇ ·

[
ρvvT +

(
P +

|B|2

8π

)
I − BBT

4π

]
= ρg , (41)

∂B

∂t
+∇ · (vBT −BvT ) = 0 , (42)

∂

∂t
(ρE) +∇ ·

[(
ρE + P +

|B|2

8π

)
v − B (v ·B)

4π

]
= ρg · v (43)

∇2Φ = 4πGρ , (44)

ここで、I は単位ベクトルである。
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オーム散逸の寄与
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MHD方程式（保存形）理想MHDの場合

7 自己重力MHD基礎方程式 (非保存形式)

∂ρ

∂t
+∇ · (ρv) = 0 , (30)

ρ
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1

4π
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= ∇×
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c
J
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黄色： MHDの寄与
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MHD方程式（保存形・成分表示）9 自己重力MHD基礎方程式 (保存形式成分表示)

∂U

∂t
+

∂F x

∂x
+

∂F y

∂y
+

∂F z

∂z
= S, (45)

∇2Φ = 4πGρ, (46)

U = (ρ, ρvx, ρvy, ρvz, Bx, By, Bz, ρE)T , (47)

F x =





ρvx
ρv2x + P + |B|2 /8π −B2

x/4π

ρvxvy −BxBy/4π

ρvxvz −BxBz/4π

0

vxBy − vyBx

vxBz − vzBx

(ρE + P + |B|2 /8π)vx −Bx(B · v)/4π





, (48)

F y =





ρvy
ρvyvx −ByBx/4π

ρv2y + P + |B|2 /8π −B2
y/4π

ρvyvz −ByBz/4π

vyBx − vxBy

0

vyBz − vzBy

(ρE + P + |B|2 /8π)vy −By(B · v)/4π





, (49)

F z =





ρvz
ρvzvx −BzBx/4π

ρvzvy −BzBy/4π

ρv2z + P + |B|2 /8π −B2
z/4π

vzBx − vxBz

vzBy − vyBz

0

(ρE + P + |B|2 /8π)vz −Bz(B · v)/4π





, (50)

S = (0, ρgx, ρgy, ρgz, 0, 0, 0, ρg · v)T , (51)

参考文献
[1] Larson, R. B. 1981, MNRAS, 194, 809

[2] Bodenheimer, P. 1995, ARAA, 33, 199

4
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MHD方程式の波：アルフヴェン波など
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MHDの波は７個
MHD方程式は８成分 ‒ １個の束縛条件（div B = 0 ） = 7個の自由度

時刻 t

位置 x

Fast wave
u + vf

Fast wave
u - vf

Slow wave
u - vs

Slow wave 
u + vs

Alfven wave
u + va

Alfven wave
u - va

Entropy wave 
u
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フリードリックスダイアグラム、 MHDの波紋
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CA > CS

22
sA cc +

2
sc 2

Ac

fast

slow

Alfven

縦波

縦波

横波
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CA < CS

22
sA cc +

fast

slow

Alfven 2
sc

2
Ac

横波

縦波
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MHDの
数値解法

32



HLLD法

• HLLD法：MHDの近似リーマン解の業界標準
• リーマン問題はOK？

◦ NO ➡ 教科書2.1.2節
• 近似リーマン解はOK？

◦ NO ➡ 教科書2.2.1節
• HLL法はOK？

◦ NO ➡ 教科書3.2節
• HLLD法 ➡教科書 3.3節以降
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ゴドノフ法とリーマン問題

34

ゴドノフ法：セル境界でリーマン問題を解く

リーマン問題
衝撃波管問題 (shock tube problem)
左右異なる状態の初期値問題

リーマン問題の厳密解を解くのは嫌
➡ 近似リーマン解を使う
➡ 良い近似解は良いスキーム



有限体積法と数値流束

35

<latexit sha1_base64="0ymeLjXvKWP+HELbvsGVLJagx5I="></latexit>

@U

@t
+

@F

@x
= 0

<latexit sha1_base64="a4f6mfvSYU3V6qsseYbaT7+ZT0U="></latexit>

Unew = U � �t

�x
(FR � FL)

<latexit sha1_base64="xmkfSCABe0mc6Q425flK5CZQoyI="></latexit>

Unew �U

�t
+

FR � FL

�x
= 0

オイラー方程式

離散化

解法

有限体積法の離散化

FL FR

i i+1i-1

数値流束



HLLの基本（HLLD法の準備体操）

Unþ1
i ¼ Un

i #
Dt
Dx

F Rð0;Un
i ;U

n
iþ1Þ

! "
# F Rð0;Un

i#1;U
n
i Þ

! "# $
;

where n and i indicate a time step and a cell number, respectively, and Rðx=t;Un
i ;U

n
iþ1Þ is the approximate

solution of the Riemann problem around the interface xi+1/2. In this form, the appropriate numerical fluxes
are obtained by applying the integral conservation laws (7) over the rectangle (xi, xi+1/2) · (tn, tn+1) as

Fiþ1=2 ¼ Fi #
1

Dt

Z xiþ1=2

xi

R
x# xiþ1=2

Dt
;Un

i ;U
n
iþ1

% &
dxþ

xiþ1=2 # xi
Dt

Un
i ; ð8Þ

where Fiþ1=2 ¼ FðRð0;Un
i ;U

n
iþ1ÞÞ;Fi ¼ FðUn

i Þ, and Dt = tn+1 # tn. We note that the exact solution of the Rie-
mann problem Rexact produces the fluxes of the original Godunov scheme. The numerical fluxes Fi+1/2 ob-
tained by the other integral conservation laws over (xi+1/2, xi+1) · (tn, tn+1) must coincide with (8) due to the
consistency with the integral form of conservation laws over (xi, xi+1) · (tn, tn+1).

Particularly, Harten et al. [15] proposed one of the simplest Godunov-type scheme, the so-called HLL
approximate Riemann solver. The HLL Riemann solver is constructed by assuming an average intermedi-
ate state between the fastest and slowest waves. Consider a ‘‘subsonic’’ solution of the single-state approx-
imate Riemann problem at the interface between the left and right states, UL and UR, where the minimum
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Practically, (11) can be unified with (10) if the signal speeds are replaced by SL = min(SL, 0) and
SR = max(SR, 0).

In order to complete the HLL Riemann solver, SR and SL must be estimated appropriately. Correctly
speaking, the upper and lower bounds of the signal speed in the system cannot be obtained without infor-
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increased because bounded waves are capable of compound waves. Therefore, we should determine the
algorithm as exactly as possible so as not to underestimate the minimum and maximum signal speeds.
For example, Davis [7] gave those speeds as

SL ¼ min k1ðULÞ; k1ðURÞ½ %;
SR ¼ max kmðULÞ; kmðURÞ½ %;

ð12Þ

or Einfeldt et al. [9] used the algorithm as

SL ¼ min k1 ULð Þ; k1 URoe
! "# $

;

SR ¼ max km URoe
! "

; km URð Þ
# $

;
ð13Þ

where k1 and km are the smallest and largest eigenvalues of (1), and kj(U
Roe) denotes the eigenvalue of the

Roe matrix. Although these are not correct bounds of the signal speed [2], these algorithms seem to be
highly effective. Indeed, the HLL solver for the Euler equations with appropriate choices for SL and SR

is extremely robust since it satisfies an entropy inequality automatically [7] and ensures a positivity preserv-
ing property [9]. The robustness of the HLL solver is also expected for the MHD equations [16].

However, the HLL solver cannot resolve isolated discontinuities and, as a result, is quite dissipative be-
cause the solution of the Riemann problem is approximated by one intermediate state. Therefore, it is a
natural thought that the single-state approximation should be extended to a two-state approximation in
order to be more accurate while maintaining the nice properties.

4. Two-state HLL Riemann solver

4.1. HLLC Riemann solver for the Euler equations

In this subsection, we devote attention to the solver for the Euler equations, which are obtained by set-
ting the magnetic field to zero in (2). In [15], it was suggested that a two-state approximate Riemann solver
could be constructed to exactly resolve isolated contact discontinuities as well as isolated shocks although
that was not implemented practically. However, Toro et al. [29] proposed a simple implementation of the
two-state HLL Riemann solver for the Euler equations.

Consider the approximate Riemann problem in the Riemann fan which is separated into the left and the
right intermediate states, U&

L and U&
R, by the contact wave, SM, as shown in Fig. 2. Toro et al. [29] assumed

that the normal component of the velocity is constant over the Riemann fan, that is,

u&L ¼ u&R ¼ SM :

Particularly, Batten et al. [2] insisted that SM should be evaluated from the HLL average (9) as

UL UR

UL∗ UR∗

SL SRSM

x

t

Fig. 2. Schematic structure of the Riemann fan with two intermediate states.
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SM ¼ ðquÞ$

q$ ¼ ðSR % uRÞqRuR % ðSL % uLÞqLuL % pR þ pL
ðSR % uRÞqR % ðSL % uLÞqL

; ð14Þ

where SL and SR are estimated by (12) or (13). Once SM is given by (14), the jump conditions across the Sa

wave,

SaU
$
a % F$

a ¼ SaUa % Fa; ð15Þ

where a = L or R, give the pressure in the Riemann fan as

p$ ¼ p$L ¼ pL þ qLðSL % uLÞðSM % uLÞ
¼ p$R ¼ pR þ qRðSR % uRÞðSM % uRÞ: ð16Þ

These equalities are consistent with the fact that the pressure does not change across the contact disconti-
nuity. Also, other intermediate states are derived from (15):

q$
a ¼ qa

Sa % ua
Sa % SM

; ð17Þ

v$a ¼ va; ð18Þ

w$
a ¼ wa; ð19Þ

e$a ¼
ðSa % uaÞea % paua þ p$SM

Sa % SM
: ð20Þ

Thus, we obtain the complete set of U$
a and F$

a. It is certain that the jump condition across the middle wave
SM is satisfied. Since the integral conservation laws over (SLDt, 0) · (0, Dt) for SMP0 and
(0, SRDt) · (0, Dt) for SM60 coincide with (15), the two-state HLL fluxes become

FHLLC ¼

FL if SL > 0;

F$
L if SL 6 0 6 SM ;

F$
R if SM 6 0 6 SR;

FR if SR < 0:

8
>>><

>>>:
ð21Þ

This solver is called HLLC Riemann solver since the HLLC solver can resolve isolated contact discontinu-
ities exactly [2,29].

Batten et al. [2] showed that the HLLC solver is positively conservative if the conditions,

SL < uL %

ffiffiffiffiffiffiffiffiffiffiffi
c% 1

2c

s
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ffiffiffiffiffiffiffiffiffiffiffi
c% 1

2c

s

aR ð22Þ

where a is the sound speed
ffiffiffiffiffiffiffiffiffiffi
cp=q

p
, are satisfied. These are the same conditions as those for the single-state

HLL Riemann solver shown by Einfeldt et al. [9] exactly and always satisfied by the estimates of (12) or
(13).

4.2. HLLC-type Riemann solver for the MHD equations

Before constructing the new solver, some approaches to the extension of the HLLC Riemann solver for
the Euler equations to the MHD equations are worth reviewing and discussing.

Recently, Gurski [13] developed the HLLC-type Riemann solver for ideal MHD, where the Riemann fan
is separated into two intermediate states, U$

L and U$
R, in the same way as the HLLC Riemann solver. As an
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due to the arbitrariness of SM and b. The reformulation of the HLLC-type MHD solver inspired that the
extended HLLC-type solver which is accurate but oscillatory can be modified so as to smooth unwanted
oscillations while preserving the positivity of density and pressure [13]. In this solver, named as smooth
HLLCMHD solver, SM is given by the HLL average and b is computed from A*!1DW* = bA!1DW instead
of (36), where DW possesses the unit of momentum and a certain linearization as DU = A!1DW is assumed.
The smooth HLLC MHD solver is thought to be a positively conservative variant of the Linde solver.

The advantage of Linde!s method is that the algorithm of the solver is independent of the details of the
governing equations despite the exact resolution of isolated contact discontinuities. However, necessary and
sufficient conditions of b to eliminate numerical oscillations completely have not been presented yet, and
some class of Linde!s fluxes may generate unphysical oscillations. Therefore, the Linde solver should be ap-
plied for a complex system without detail knowledge of its characteristics rather than the well-known sys-
tem as the Euler equations and the MHD equations [21].

5. Multi-state HLL Riemann solver

5.1. HLLD Riemann solver for the MHD equations

The HLLC-type Riemann solvers for MHD as reviewed in the previous section may have some
inconsistency with respect to the jump conditions without a particular treatment. We suppose that the
HLLC-type solvers may include inconsistency between the assumption of constant normal velocity and
the two-state approximation of the intermediate states in the Riemann fan. Therefore, in this subsection,
the multi-state (more than two-state) HLL Riemann solver for the MHD equations is constructed based
on the same basic assumption as that in the HLLC Riemann solver for the Euler equations.

Assume that the normal velocity is constant over the Riemann fan. Our assumption which is the same as
in the HLLC solver [2,29] leads to the following noticeable conclusions: The normal velocity in the Rie-
mann fan corresponds to the speed of the middle (entropy) wave. The total pressure is constant over the
Riemann fan. Slow shocks cannot be formed inside the Riemann fan. Rotational discontinuities propagat-
ing with the Alfvén waves, on the other hand, may be generated. The latter two conclusions suggest that, in
order to construct a more accurate HLL Riemann solver for MHD than the single-state HLL solver, the
Riemann fan may be divided into four intermediate states, U"

L;U
""
L ;U

""
R ; and U"

R, as illustrated in Fig. 3.
Therefore, we consider the approximate Riemann problem in the four-state Riemann fan separated by
one entropy and two Alfvén waves, SM and S"

L; S
"
R.

The choice of SM, in the present solver, is to evaluate the average normal velocity from the HLL average
(9) as Batten et al. [2], Gurski [13] and Li [19] did:

SM ¼
ðSR ! uRÞqRuR ! ðSL ! uLÞqLuL ! pTR

þ pTL

ðSR ! uRÞqR ! ðSL ! uLÞqL

; ð38Þ

∗∗ ∗∗

UL UR

UL∗
UL UR∗

UR

SL SRSRSL SM

x

t* *

Fig. 3. Schematic structure of the Riemann fan with four intermediate states.
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(Fig. 4). Therefore, by substituting (49),(51), and (54)–(57) into the integral conservation laws over the Rie-
mann fan,

ðSR " S#
RÞU

#
R þ ðS#

R " SMÞU##
R þ ðSM " S#

LÞU
##
L þ ðS#

L " SLÞU#
L " SRUR þ SLUL þ FR " FL ¼ 0; ð58Þ

it is derived that

v## ¼
ffiffiffiffiffi
q#
L

p
v#L þ

ffiffiffiffiffiffi
q#
R

p
v#R þ ðB#

yR
" B#

yL
ÞsignðBxÞffiffiffiffiffi

q#
L

p
þ

ffiffiffiffiffiffi
q#
R

p ; ð59Þ
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L
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q#
R

p
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where sign(Bx) is 1 for Bx > 0 and "1 for Bx < 0. Here, it is found that the jump conditions across S#
a (52)

are satisfied by (59)–(62). Finally, the jump condition of the energy density across S#
a waves can be solved as
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where the minus and the plus of the right side correspond to a = L and R, respectively.
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Fig. 4. Schematic structure of the Riemann fan with three intermediate states.
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due to the arbitrariness of SM and b. The reformulation of the HLLC-type MHD solver inspired that the
extended HLLC-type solver which is accurate but oscillatory can be modified so as to smooth unwanted
oscillations while preserving the positivity of density and pressure [13]. In this solver, named as smooth
HLLCMHD solver, SM is given by the HLL average and b is computed from A*!1DW* = bA!1DW instead
of (36), where DW possesses the unit of momentum and a certain linearization as DU = A!1DW is assumed.
The smooth HLLC MHD solver is thought to be a positively conservative variant of the Linde solver.

The advantage of Linde!s method is that the algorithm of the solver is independent of the details of the
governing equations despite the exact resolution of isolated contact discontinuities. However, necessary and
sufficient conditions of b to eliminate numerical oscillations completely have not been presented yet, and
some class of Linde!s fluxes may generate unphysical oscillations. Therefore, the Linde solver should be ap-
plied for a complex system without detail knowledge of its characteristics rather than the well-known sys-
tem as the Euler equations and the MHD equations [21].

5. Multi-state HLL Riemann solver

5.1. HLLD Riemann solver for the MHD equations

The HLLC-type Riemann solvers for MHD as reviewed in the previous section may have some
inconsistency with respect to the jump conditions without a particular treatment. We suppose that the
HLLC-type solvers may include inconsistency between the assumption of constant normal velocity and
the two-state approximation of the intermediate states in the Riemann fan. Therefore, in this subsection,
the multi-state (more than two-state) HLL Riemann solver for the MHD equations is constructed based
on the same basic assumption as that in the HLLC Riemann solver for the Euler equations.

Assume that the normal velocity is constant over the Riemann fan. Our assumption which is the same as
in the HLLC solver [2,29] leads to the following noticeable conclusions: The normal velocity in the Rie-
mann fan corresponds to the speed of the middle (entropy) wave. The total pressure is constant over the
Riemann fan. Slow shocks cannot be formed inside the Riemann fan. Rotational discontinuities propagat-
ing with the Alfvén waves, on the other hand, may be generated. The latter two conclusions suggest that, in
order to construct a more accurate HLL Riemann solver for MHD than the single-state HLL solver, the
Riemann fan may be divided into four intermediate states, U"

L;U
""
L ;U

""
R ; and U"

R, as illustrated in Fig. 3.
Therefore, we consider the approximate Riemann problem in the four-state Riemann fan separated by
one entropy and two Alfvén waves, SM and S"

L; S
"
R.

The choice of SM, in the present solver, is to evaluate the average normal velocity from the HLL average
(9) as Batten et al. [2], Gurski [13] and Li [19] did:

SM ¼
ðSR ! uRÞqRuR ! ðSL ! uLÞqLuL ! pTR

þ pTL

ðSR ! uRÞqR ! ðSL ! uLÞqL

; ð38Þ
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Fig. 3. Schematic structure of the Riemann fan with four intermediate states.
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due to the arbitrariness of SM and b. The reformulation of the HLLC-type MHD solver inspired that the
extended HLLC-type solver which is accurate but oscillatory can be modified so as to smooth unwanted
oscillations while preserving the positivity of density and pressure [13]. In this solver, named as smooth
HLLCMHD solver, SM is given by the HLL average and b is computed from A*!1DW* = bA!1DW instead
of (36), where DW possesses the unit of momentum and a certain linearization as DU = A!1DW is assumed.
The smooth HLLC MHD solver is thought to be a positively conservative variant of the Linde solver.

The advantage of Linde!s method is that the algorithm of the solver is independent of the details of the
governing equations despite the exact resolution of isolated contact discontinuities. However, necessary and
sufficient conditions of b to eliminate numerical oscillations completely have not been presented yet, and
some class of Linde!s fluxes may generate unphysical oscillations. Therefore, the Linde solver should be ap-
plied for a complex system without detail knowledge of its characteristics rather than the well-known sys-
tem as the Euler equations and the MHD equations [21].

5. Multi-state HLL Riemann solver

5.1. HLLD Riemann solver for the MHD equations

The HLLC-type Riemann solvers for MHD as reviewed in the previous section may have some
inconsistency with respect to the jump conditions without a particular treatment. We suppose that the
HLLC-type solvers may include inconsistency between the assumption of constant normal velocity and
the two-state approximation of the intermediate states in the Riemann fan. Therefore, in this subsection,
the multi-state (more than two-state) HLL Riemann solver for the MHD equations is constructed based
on the same basic assumption as that in the HLLC Riemann solver for the Euler equations.

Assume that the normal velocity is constant over the Riemann fan. Our assumption which is the same as
in the HLLC solver [2,29] leads to the following noticeable conclusions: The normal velocity in the Rie-
mann fan corresponds to the speed of the middle (entropy) wave. The total pressure is constant over the
Riemann fan. Slow shocks cannot be formed inside the Riemann fan. Rotational discontinuities propagat-
ing with the Alfvén waves, on the other hand, may be generated. The latter two conclusions suggest that, in
order to construct a more accurate HLL Riemann solver for MHD than the single-state HLL solver, the
Riemann fan may be divided into four intermediate states, U"

L;U
""
L ;U

""
R ; and U"

R, as illustrated in Fig. 3.
Therefore, we consider the approximate Riemann problem in the four-state Riemann fan separated by
one entropy and two Alfvén waves, SM and S"

L; S
"
R.

The choice of SM, in the present solver, is to evaluate the average normal velocity from the HLL average
(9) as Batten et al. [2], Gurski [13] and Li [19] did:

SM ¼
ðSR ! uRÞqRuR ! ðSL ! uLÞqLuL ! pTR

þ pTL

ðSR ! uRÞqR ! ðSL ! uLÞqL

; ð38Þ
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Fig. 3. Schematic structure of the Riemann fan with four intermediate states.
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具体的な成分

due to the arbitrariness of SM and b. The reformulation of the HLLC-type MHD solver inspired that the
extended HLLC-type solver which is accurate but oscillatory can be modified so as to smooth unwanted
oscillations while preserving the positivity of density and pressure [13]. In this solver, named as smooth
HLLCMHD solver, SM is given by the HLL average and b is computed from A*!1DW* = bA!1DW instead
of (36), where DW possesses the unit of momentum and a certain linearization as DU = A!1DW is assumed.
The smooth HLLC MHD solver is thought to be a positively conservative variant of the Linde solver.

The advantage of Linde!s method is that the algorithm of the solver is independent of the details of the
governing equations despite the exact resolution of isolated contact discontinuities. However, necessary and
sufficient conditions of b to eliminate numerical oscillations completely have not been presented yet, and
some class of Linde!s fluxes may generate unphysical oscillations. Therefore, the Linde solver should be ap-
plied for a complex system without detail knowledge of its characteristics rather than the well-known sys-
tem as the Euler equations and the MHD equations [21].

5. Multi-state HLL Riemann solver

5.1. HLLD Riemann solver for the MHD equations

The HLLC-type Riemann solvers for MHD as reviewed in the previous section may have some
inconsistency with respect to the jump conditions without a particular treatment. We suppose that the
HLLC-type solvers may include inconsistency between the assumption of constant normal velocity and
the two-state approximation of the intermediate states in the Riemann fan. Therefore, in this subsection,
the multi-state (more than two-state) HLL Riemann solver for the MHD equations is constructed based
on the same basic assumption as that in the HLLC Riemann solver for the Euler equations.

Assume that the normal velocity is constant over the Riemann fan. Our assumption which is the same as
in the HLLC solver [2,29] leads to the following noticeable conclusions: The normal velocity in the Rie-
mann fan corresponds to the speed of the middle (entropy) wave. The total pressure is constant over the
Riemann fan. Slow shocks cannot be formed inside the Riemann fan. Rotational discontinuities propagat-
ing with the Alfvén waves, on the other hand, may be generated. The latter two conclusions suggest that, in
order to construct a more accurate HLL Riemann solver for MHD than the single-state HLL solver, the
Riemann fan may be divided into four intermediate states, U"

L;U
""
L ;U

""
R ; and U"

R, as illustrated in Fig. 3.
Therefore, we consider the approximate Riemann problem in the four-state Riemann fan separated by
one entropy and two Alfvén waves, SM and S"

L; S
"
R.

The choice of SM, in the present solver, is to evaluate the average normal velocity from the HLL average
(9) as Batten et al. [2], Gurski [13] and Li [19] did:

SM ¼
ðSR ! uRÞqRuR ! ðSL ! uLÞqLuL ! pTR

þ pTL

ðSR ! uRÞqR ! ðSL ! uLÞqL

; ð38Þ
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Fig. 3. Schematic structure of the Riemann fan with four intermediate states.
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which is identical to (14) except that p is replaced by pT. Since the normal velocity is assumed to be constant
over the Riemann fan, the equalities

u!L ¼ u!!L ¼ u!!R ¼ u!R ¼ SM ð39Þ

are given. In addition to (39), our assumption will restrict the total pressure to constant as

p!TL
¼ p!!TL

¼ p!!TR
¼ p!TR

¼ p!T: ð40Þ

The average total pressure p!T in the Riemann fan should be evaluated consistent with the jump conditions
for each wave. The present choice of SM (38) consistently gives the equalities that p!T ¼ p!TL

¼ p!TR
from the

jump conditions of the normal momentum across SR and SL as indicated by (23) for the HLLC-type solver.
More explicitly, (23) can also be rewritten as

p!T ¼
ðSR % uRÞqRpTL

% ðSL % uLÞqLpTR
þ qLqRðSR % uRÞðSL % uLÞðuR % uLÞ

ðSR % uRÞqR % ðSL % uLÞqL

: ð41Þ

The other equalities p!!TL
¼ p!!TR

¼ p!T are also satisfied automatically as shown later. Note that contact, tan-
gential, and rotational discontinuities can be formed in the Riemann fan even under the restriction (40).

Once SM and p!T are given, the states U!
a neighboring Ua are obtained from the jump conditions across
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; ð42Þ

where a = L or R as used in the previous section. It is certain that the second equation of (42) is consistent
with our choice of SM and p!T because p!T itself is derived from this equation. The first equation of (42) gives

q!
a ¼ qa

Sa % ua
Sa % SM

; ð43Þ

which is identical to (17) except for the expression of SM. Solving the third and fifth equations of (42) simul-
taneously, one obtains that

v!a ¼ va % BxBya

SM % ua
qaðSa % uaÞðSa % SMÞ % B2

x

; ð44Þ

B!
ya
¼ Bya

qaðSa % uaÞ2 % B2
x

qaðSa % uaÞðSa % SMÞ % B2
x

: ð45Þ

Also, from the fourth and sixth equations, we obtain that

w!
a ¼ wa % BxBza

SM % ua
qaðSa % uaÞðSa % SMÞ % B2

x

; ð46Þ

B!
za ¼ Bza

qaðSa % uaÞ2 % B2
x

qaðSa % uaÞðSa % SMÞ % B2
x

: ð47Þ
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which is identical to (14) except that p is replaced by pT. Since the normal velocity is assumed to be constant
over the Riemann fan, the equalities

u!L ¼ u!!L ¼ u!!R ¼ u!R ¼ SM ð39Þ

are given. In addition to (39), our assumption will restrict the total pressure to constant as

p!TL
¼ p!!TL

¼ p!!TR
¼ p!TR

¼ p!T: ð40Þ

The average total pressure p!T in the Riemann fan should be evaluated consistent with the jump conditions
for each wave. The present choice of SM (38) consistently gives the equalities that p!T ¼ p!TL

¼ p!TR
from the

jump conditions of the normal momentum across SR and SL as indicated by (23) for the HLLC-type solver.
More explicitly, (23) can also be rewritten as

p!T ¼
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The other equalities p!!TL
¼ p!!TR

¼ p!T are also satisfied automatically as shown later. Note that contact, tan-
gential, and rotational discontinuities can be formed in the Riemann fan even under the restriction (40).
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a neighboring Ua are obtained from the jump conditions across

Sa,

Sa

q!
a

q!
aSM

q!
av

!
a

q!
aw

!
a

B!
ya

B!
za

e!a

0

BBBBBBBBBBB@

1

CCCCCCCCCCCA

%

q!
aSM

q!
aS

2
M þ p!T % B2

x

q!
av

!
aSM % BxB!

ya

q!
aw

!
aSM % BxB!

za

B!
ya
SM % Bxv!a

B!
zaSM % Bxw!

a

ðe!a þ p!TÞSM % Bxðv!a ' B
!
aÞ

0

BBBBBBBBBBB@

1

CCCCCCCCCCCA

¼ Sa

qa

qaua
qava
qawa

Bya

Bza

ea

0

BBBBBBBBBBB@

1

CCCCCCCCCCCA

%

qaua
qau2a þ pTa

% B2
x

qavaua % BxBya

qawaua % BxBza

Byaua % Bxva
Bzaua % Bxwa

ðea þ pTa
Þua % Bxðva ' BaÞ

0

BBBBBBBBBBB@

1

CCCCCCCCCCCA

; ð42Þ

where a = L or R as used in the previous section. It is certain that the second equation of (42) is consistent
with our choice of SM and p!T because p!T itself is derived from this equation. The first equation of (42) gives

q!
a ¼ qa

Sa % ua
Sa % SM

; ð43Þ

which is identical to (17) except for the expression of SM. Solving the third and fifth equations of (42) simul-
taneously, one obtains that

v!a ¼ va % BxBya

SM % ua
qaðSa % uaÞðSa % SMÞ % B2

x

; ð44Þ

B!
ya
¼ Bya

qaðSa % uaÞ2 % B2
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qaðSa % uaÞðSa % SMÞ % B2
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Also, from the fourth and sixth equations, we obtain that
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which is identical to (14) except that p is replaced by pT. Since the normal velocity is assumed to be constant
over the Riemann fan, the equalities

u!L ¼ u!!L ¼ u!!R ¼ u!R ¼ SM ð39Þ

are given. In addition to (39), our assumption will restrict the total pressure to constant as

p!TL
¼ p!!TL

¼ p!!TR
¼ p!TR

¼ p!T: ð40Þ

The average total pressure p!T in the Riemann fan should be evaluated consistent with the jump conditions
for each wave. The present choice of SM (38) consistently gives the equalities that p!T ¼ p!TL

¼ p!TR
from the

jump conditions of the normal momentum across SR and SL as indicated by (23) for the HLLC-type solver.
More explicitly, (23) can also be rewritten as
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The other equalities p!!TL
¼ p!!TR

¼ p!T are also satisfied automatically as shown later. Note that contact, tan-
gential, and rotational discontinuities can be formed in the Riemann fan even under the restriction (40).
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where a = L or R as used in the previous section. It is certain that the second equation of (42) is consistent
with our choice of SM and p!T because p!T itself is derived from this equation. The first equation of (42) gives

q!
a ¼ qa

Sa % ua
Sa % SM

; ð43Þ

which is identical to (17) except for the expression of SM. Solving the third and fifth equations of (42) simul-
taneously, one obtains that
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Also, from the fourth and sixth equations, we obtain that
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which is identical to (14) except that p is replaced by pT. Since the normal velocity is assumed to be constant
over the Riemann fan, the equalities

u!L ¼ u!!L ¼ u!!R ¼ u!R ¼ SM ð39Þ

are given. In addition to (39), our assumption will restrict the total pressure to constant as

p!TL
¼ p!!TL

¼ p!!TR
¼ p!TR

¼ p!T: ð40Þ

The average total pressure p!T in the Riemann fan should be evaluated consistent with the jump conditions
for each wave. The present choice of SM (38) consistently gives the equalities that p!T ¼ p!TL

¼ p!TR
from the

jump conditions of the normal momentum across SR and SL as indicated by (23) for the HLLC-type solver.
More explicitly, (23) can also be rewritten as
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The other equalities p!!TL
¼ p!!TR

¼ p!T are also satisfied automatically as shown later. Note that contact, tan-
gential, and rotational discontinuities can be formed in the Riemann fan even under the restriction (40).
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where a = L or R as used in the previous section. It is certain that the second equation of (42) is consistent
with our choice of SM and p!T because p!T itself is derived from this equation. The first equation of (42) gives

q!
a ¼ qa

Sa % ua
Sa % SM

; ð43Þ

which is identical to (17) except for the expression of SM. Solving the third and fifth equations of (42) simul-
taneously, one obtains that
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over the Riemann fan, the equalities

u!L ¼ u!!L ¼ u!!R ¼ u!R ¼ SM ð39Þ

are given. In addition to (39), our assumption will restrict the total pressure to constant as

p!TL
¼ p!!TL

¼ p!!TR
¼ p!TR

¼ p!T: ð40Þ

The average total pressure p!T in the Riemann fan should be evaluated consistent with the jump conditions
for each wave. The present choice of SM (38) consistently gives the equalities that p!T ¼ p!TL

¼ p!TR
from the

jump conditions of the normal momentum across SR and SL as indicated by (23) for the HLLC-type solver.
More explicitly, (23) can also be rewritten as
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¼ p!T are also satisfied automatically as shown later. Note that contact, tan-
gential, and rotational discontinuities can be formed in the Riemann fan even under the restriction (40).
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where a = L or R as used in the previous section. It is certain that the second equation of (42) is consistent
with our choice of SM and p!T because p!T itself is derived from this equation. The first equation of (42) gives
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which is identical to (17) except for the expression of SM. Solving the third and fifth equations of (42) simul-
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where a = L or R as used in the previous section. It is certain that the second equation of (42) is consistent
with our choice of SM and p!T because p!T itself is derived from this equation. The first equation of (42) gives
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which is identical to (17) except for the expression of SM. Solving the third and fifth equations of (42) simul-
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which is identical to (14) except that p is replaced by pT. Since the normal velocity is assumed to be constant
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where a = L or R as used in the previous section. It is certain that the second equation of (42) is consistent
with our choice of SM and p!T because p!T itself is derived from this equation. The first equation of (42) gives
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which is identical to (17) except for the expression of SM. Solving the third and fifth equations of (42) simul-
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where a = L or R as used in the previous section. It is certain that the second equation of (42) is consistent
with our choice of SM and p!T because p!T itself is derived from this equation. The first equation of (42) gives

q!
a ¼ qa

Sa % ua
Sa % SM

; ð43Þ

which is identical to (17) except for the expression of SM. Solving the third and fifth equations of (42) simul-
taneously, one obtains that

v!a ¼ va % BxBya
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ya
¼ Bya
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Also, from the fourth and sixth equations, we obtain that

w!
a ¼ wa % BxBza

SM % ua
qaðSa % uaÞðSa % SMÞ % B2

x

; ð46Þ

B!
za ¼ Bza

qaðSa % uaÞ2 % B2
x

qaðSa % uaÞðSa % SMÞ % B2
x

: ð47Þ

T. Miyoshi, K. Kusano / Journal of Computational Physics 208 (2005) 315–344 325

Note that the numerical operations of 0/0 seem to appear in (44)–(47) if SM = ua, Sa ¼ ua " cf a,
Bya ¼ Bza ¼ 0, and B2

x P cpa. In these cases, (44)–(47) can be simply replaced by v#a ¼ va;w#
a ¼ wa, and

B#
ya
¼ B#

za ¼ 0 since there is no shock across Sa i.e., q#
a ¼ qa; u#a ¼ ua; and p#Ta

¼ pTa
. Finally, the seventh

equation of (42) with (44)–(47) gives e#a as

e#a ¼
ðSa % uaÞea % pTa

ua þ p#TSM þ Bxðva ( Ba % v#a ( B
#
aÞ

Sa % SM
: ð48Þ

The expressions (44)–(48) are the same than those employed for the intermediate states of the extended
HLLC-type Riemann solver for MHD [13].

Subsequently, the inner intermediate states U##
a are considered. From the jump condition of the continu-

ity equation across an arbitrary S where SL < S < SM or SM < S < SR,

q##
a ¼ q#

a; ð49Þ

because of the relation (39).When (49) is given, the jump condition for the normalmomentumacrossS leads to

p##Ta
¼ p#Ta

: ð50Þ

Thus, (40) is satisfied. Also from (49), it is appropriate that the propagation speeds of the Alfvén waves (3)
in the intermediate states are evaluated by
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appear not to be solvable if S#
a is defined by (51).

Therefore, we consider the jump conditions for the tangential components of the velocity and magnetic
field across SM,
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It is obvious that the equalities

v##L ¼ v##R ) v##; ð54Þ

w##
L ¼ w##

R ) w##; ð55Þ

B##
yL

¼ B##
yR

) B##
y ; ð56Þ

B##
zL
¼ B##

zR
) B##

z ð57Þ

are derived from (53) if Bx 6¼ 0. These equalities indicate the conditions for the contact discontinuities (5).
On the other hand, if Bx = 0, (53) also becomes unsolvable. The case of Bx = 0 is discussed later. The rela-
tions (54)–(57) show that v, w, By, and Bz are approximated by three intermediate states in our assumption
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equation of (42) with (44)–(47) gives e#a as

e#a ¼
ðSa % uaÞea % pTa

ua þ p#TSM þ Bxðva ( Ba % v#a ( B
#
aÞ

Sa % SM
: ð48Þ

The expressions (44)–(48) are the same than those employed for the intermediate states of the extended
HLLC-type Riemann solver for MHD [13].

Subsequently, the inner intermediate states U##
a are considered. From the jump condition of the continu-

ity equation across an arbitrary S where SL < S < SM or SM < S < SR,

q##
a ¼ q#

a; ð49Þ

because of the relation (39).When (49) is given, the jump condition for the normalmomentumacrossS leads to

p##Ta
¼ p#Ta

: ð50Þ

Thus, (40) is satisfied. Also from (49), it is appropriate that the propagation speeds of the Alfvén waves (3)
in the intermediate states are evaluated by

S#
L ¼ SM % jBxjffiffiffiffiffi

q#
L
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R ¼ SM þ jBxjffiffiffiffiffiffi
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appear not to be solvable if S#
a is defined by (51).

Therefore, we consider the jump conditions for the tangential components of the velocity and magnetic
field across SM,
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It is obvious that the equalities
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are derived from (53) if Bx 6¼ 0. These equalities indicate the conditions for the contact discontinuities (5).
On the other hand, if Bx = 0, (53) also becomes unsolvable. The case of Bx = 0 is discussed later. The rela-
tions (54)–(57) show that v, w, By, and Bz are approximated by three intermediate states in our assumption
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(Fig. 4). Therefore, by substituting (49),(51), and (54)–(57) into the integral conservation laws over the Rie-
mann fan,
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where sign(Bx) is 1 for Bx > 0 and "1 for Bx < 0. Here, it is found that the jump conditions across S#
a (52)

are satisfied by (59)–(62). Finally, the jump condition of the energy density across S#
a waves can be solved as

e##a ¼ e#a '
ffiffiffiffiffi
q#
a

p
ðv#a ( B

#
a " v## ( B##ÞsignðBxÞ; ð63Þ

where the minus and the plus of the right side correspond to a = L and R, respectively.
In this way, we can derive the complete set of the intermediate states, U#

L;U
##
L ;U

##
R ; and U#

R, and corre-
sponding fluxes, F#

L;F
##
L ;F

##
R and F#

R, which are satisfied with all jump conditions in our approximate Rie-
mann problem. Therefore, the numerical fluxes of our solver are obtained by the integral of conservation
laws over the left or the right half of the Riemann fan, (SLDt, 0) · (0, Dt) or (0, SRDt) · (0, Dt), as in (8), for
instance such that

F ¼ FL þ SLU
#
L " SLUL ¼ F#

L ð64Þ
for SL 6 0 6 S#

L, or
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L 6 0 6 SM . In general, the fluxes are given by
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L if S#

L 6 0 6 SM ;
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8
>>>>>>>><

>>>>>>>>:

ð66Þ

∗∗

VL VR

VL∗ VR∗
V

SL SRSRSL

x

t* *

Fig. 4. Schematic structure of the Riemann fan with three intermediate states.

T. Miyoshi, K. Kusano / Journal of Computational Physics 208 (2005) 315–344 327

(Fig. 4). Therefore, by substituting (49),(51), and (54)–(57) into the integral conservation laws over the Rie-
mann fan,

ðSR " S#
RÞU

#
R þ ðS#

R " SMÞU##
R þ ðSM " S#

LÞU
##
L þ ðS#

L " SLÞU#
L " SRUR þ SLUL þ FR " FL ¼ 0; ð58Þ

it is derived that

v## ¼
ffiffiffiffiffi
q#
L

p
v#L þ

ffiffiffiffiffiffi
q#
R

p
v#R þ ðB#

yR
" B#

yL
ÞsignðBxÞffiffiffiffiffi

q#
L

p
þ

ffiffiffiffiffiffi
q#
R

p ; ð59Þ

w## ¼
ffiffiffiffiffi
q#
L

p
w#

L þ
ffiffiffiffiffiffi
q#
R

p
w#

R þ ðB#
zR
" B#

zL
ÞsignðBxÞffiffiffiffiffi

q#
L

p
þ

ffiffiffiffiffiffi
q#
R

p ; ð60Þ

B##
y ¼

ffiffiffiffiffi
q#
L

p
B#
yR

þ
ffiffiffiffiffiffi
q#
R

p
B#
yL
þ

ffiffiffiffiffiffiffiffiffiffiffi
q#
Lq

#
R

p
ðv#R " v#LÞsignðBxÞffiffiffiffiffi

q#
L

p
þ

ffiffiffiffiffiffi
q#
R

p ; ð61Þ

B##
z ¼

ffiffiffiffiffi
q#
L

p
B#
zR
þ

ffiffiffiffiffiffi
q#
R

p
B#
zL
þ

ffiffiffiffiffiffiffiffiffiffiffi
q#
Lq

#
R

p
ðw#

R " w#
LÞsignðBxÞffiffiffiffiffi

q#
L

p
þ

ffiffiffiffiffiffi
q#
R

p ; ð62Þ

where sign(Bx) is 1 for Bx > 0 and "1 for Bx < 0. Here, it is found that the jump conditions across S#
a (52)

are satisfied by (59)–(62). Finally, the jump condition of the energy density across S#
a waves can be solved as

e##a ¼ e#a '
ffiffiffiffiffi
q#
a

p
ðv#a ( B

#
a " v## ( B##ÞsignðBxÞ; ð63Þ

where the minus and the plus of the right side correspond to a = L and R, respectively.
In this way, we can derive the complete set of the intermediate states, U#

L;U
##
L ;U

##
R ; and U#

R, and corre-
sponding fluxes, F#

L;F
##
L ;F

##
R and F#

R, which are satisfied with all jump conditions in our approximate Rie-
mann problem. Therefore, the numerical fluxes of our solver are obtained by the integral of conservation
laws over the left or the right half of the Riemann fan, (SLDt, 0) · (0, Dt) or (0, SRDt) · (0, Dt), as in (8), for
instance such that

F ¼ FL þ SLU
#
L " SLUL ¼ F#

L ð64Þ
for SL 6 0 6 S#

L, or

F ¼ FL þ S#
LU

##
L " ðS#

L " SLÞU#
L " SLUL ¼ F##

L ð65Þ

for S#
L 6 0 6 SM . In general, the fluxes are given by

FHLLD ¼

FL if SL > 0;

F#
L if SL 6 0 6 S#

L;

F##
L if S#

L 6 0 6 SM ;

F##
R if SM 6 0 6 S#

R;

F#
R if S#

R 6 0 6 SR;

FR if SR < 0:

8
>>>>>>>><

>>>>>>>>:

ð66Þ

∗∗

VL VR

VL∗ VR∗
V

SL SRSRSL

x

t* *

Fig. 4. Schematic structure of the Riemann fan with three intermediate states.

T. Miyoshi, K. Kusano / Journal of Computational Physics 208 (2005) 315–344 327

(Fig. 4). Therefore, by substituting (49),(51), and (54)–(57) into the integral conservation laws over the Rie-
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(Fig. 4). Therefore, by substituting (49),(51), and (54)–(57) into the integral conservation laws over the Rie-
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(Fig. 4). Therefore, by substituting (49),(51), and (54)–(57) into the integral conservation laws over the Rie-
mann fan,
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where sign(Bx) is 1 for Bx > 0 and "1 for Bx < 0. Here, it is found that the jump conditions across S#
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are satisfied by (59)–(62). Finally, the jump condition of the energy density across S#
a waves can be solved as
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due to the arbitrariness of SM and b. The reformulation of the HLLC-type MHD solver inspired that the
extended HLLC-type solver which is accurate but oscillatory can be modified so as to smooth unwanted
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Fig. 3. Schematic structure of the Riemann fan with four intermediate states.
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(Fig. 4). Therefore, by substituting (49),(51), and (54)–(57) into the integral conservation laws over the Rie-
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where sign(Bx) is 1 for Bx > 0 and "1 for Bx < 0. Here, it is found that the jump conditions across S#
a (52)

are satisfied by (59)–(62). Finally, the jump condition of the energy density across S#
a waves can be solved as
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(Fig. 4). Therefore, by substituting (49),(51), and (54)–(57) into the integral conservation laws over the Rie-
mann fan,
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where sign(Bx) is 1 for Bx > 0 and "1 for Bx < 0. Here, it is found that the jump conditions across S#
a (52)

are satisfied by (59)–(62). Finally, the jump condition of the energy density across S#
a waves can be solved as
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where the minus and the plus of the right side correspond to a = L and R, respectively.
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mann problem. Therefore, the numerical fluxes of our solver are obtained by the integral of conservation
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instance such that

F ¼ FL þ SLU
#
L " SLUL ¼ F#

L ð64Þ
for SL 6 0 6 S#

L, or

F ¼ FL þ S#
LU

##
L " ðS#

L " SLÞU#
L " SLUL ¼ F##

L ð65Þ

for S#
L 6 0 6 SM . In general, the fluxes are given by

FHLLD ¼

FL if SL > 0;

F#
L if SL 6 0 6 S#

L;

F##
L if S#

L 6 0 6 SM ;

F##
R if SM 6 0 6 S#

R;

F#
R if S#

R 6 0 6 SR;

FR if SR < 0:

8
>>>>>>>><

>>>>>>>>:

ð66Þ

∗∗

VL VR

VL∗ VR∗
V

SL SRSRSL

x

t* *

Fig. 4. Schematic structure of the Riemann fan with three intermediate states.

T. Miyoshi, K. Kusano / Journal of Computational Physics 208 (2005) 315–344 327

(Fig. 4). Therefore, by substituting (49),(51), and (54)–(57) into the integral conservation laws over the Rie-
mann fan,
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R þ ðS#

R " SMÞU##
R þ ðSM " S#

LÞU
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R þ ðB#
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where sign(Bx) is 1 for Bx > 0 and "1 for Bx < 0. Here, it is found that the jump conditions across S#
a (52)

are satisfied by (59)–(62). Finally, the jump condition of the energy density across S#
a waves can be solved as
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where the minus and the plus of the right side correspond to a = L and R, respectively.
In this way, we can derive the complete set of the intermediate states, U#
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R, and corre-
sponding fluxes, F#
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R, which are satisfied with all jump conditions in our approximate Rie-
mann problem. Therefore, the numerical fluxes of our solver are obtained by the integral of conservation
laws over the left or the right half of the Riemann fan, (SLDt, 0) · (0, Dt) or (0, SRDt) · (0, Dt), as in (8), for
instance such that
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L, or
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(Fig. 4). Therefore, by substituting (49),(51), and (54)–(57) into the integral conservation laws over the Rie-
mann fan,
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RÞU

#
R þ ðS#

R " SMÞU##
R þ ðSM " S#

LÞU
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L þ ðS#

L " SLÞU#
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where sign(Bx) is 1 for Bx > 0 and "1 for Bx < 0. Here, it is found that the jump conditions across S#
a (52)

are satisfied by (59)–(62). Finally, the jump condition of the energy density across S#
a waves can be solved as
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where the minus and the plus of the right side correspond to a = L and R, respectively.
In this way, we can derive the complete set of the intermediate states, U#
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R, and corre-
sponding fluxes, F#
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R, which are satisfied with all jump conditions in our approximate Rie-
mann problem. Therefore, the numerical fluxes of our solver are obtained by the integral of conservation
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(Fig. 4). Therefore, by substituting (49),(51), and (54)–(57) into the integral conservation laws over the Rie-
mann fan,

ðSR " S#
RÞU

#
R þ ðS#

R " SMÞU##
R þ ðSM " S#

LÞU
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L þ ðS#
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where sign(Bx) is 1 for Bx > 0 and "1 for Bx < 0. Here, it is found that the jump conditions across S#
a (52)

are satisfied by (59)–(62). Finally, the jump condition of the energy density across S#
a waves can be solved as
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Fig. 4. Schematic structure of the Riemann fan with three intermediate states.
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Jump condition から （またはリーマンファンを積分して）

FHLLD = F (U�
↵ ),

↵ = L or R,

� = . or ⇤ or ⇤ ⇤

または でもよい！
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Brio & Wu (1988) shock tube problem
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Brio & Wu (1988) shock tube problem
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Brio & Wu (1988) shock tube problem
x 2 [�0.5, 0.5],

t = 0.1,

Bx = 0.75
p
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⇢
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∇・B = 0 の問題

r⇥B � 1

c

@E

@t
=

4⇡

c
J

ローレンツ力

磁気圧勾配 磁気張力

マックスウェル方程式（アンペールの法則）

物理的な力

F =
1

c
J ⇥B

=
1

4⇡
(r⇥B)⇥B

= � 1

8⇡
rB2 +

1

4⇡
(B ·r)B

= �r ·
 
B2

8⇡
I � BBT

4⇡

!
� 1

4⇡
B(r ·B)

磁気圧勾配＋磁気張力

本来存在しない力
シミュレーションで解く力 磁場☓磁荷
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∇・B の処方箋

• Projection method
◦ Poisson 方程式を解き、div B に寄与する磁場成分（スカラー
場）を差し引く。

◦ Poisson 方程式を解くので、重い。

• Constrained Transport (CT) method
◦ Staggered grid で、磁場をセル境界で定義する。
◦ 丸め誤差の範囲で div B = 0 が保証される。

• 8-wave formulation
◦ 8成分目として、div B の流れを解く。移流速度はガスの速度と
同じ。

◦ 簡単な実装だが、ソース項が必要になる。div B が溜まる。

• Hyperbolic  divergence cleaning
◦ div B を等方的に移流させる。同時に、流れを減衰させる。
◦ 簡単な実装だが、ソース項が必要になる。
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Projection method

YÑ-=

=YÑ

×Ñ=

BB
q
Bq

new

2

磁荷を求める

Poisson 方程式を解く

磁荷が発生する磁場成分を差し引く

これをMHDが解き終わった後に施す。

解の性質は良いが、Poisson ソルバが重いのが弱点。
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Constraint Transport (CT) method

B
ò ×´

D
=

D
D

´´Ñ=
¶
¶

dlBv
St

B

Bv
t
B

1

)(

DS

Dl

ストークスの定理を利用して

誘導方程式

この方程式にしたがって、磁場を時間積分する。
起電力v×B を数値流束から流用する。
丸め誤差の範囲で∇・Bが保存する。

磁場をセルの面で定義する。

数値流束： セルの面で定義
起電力 v×B： セルの辺で定義
風上性を考慮した内挿が必要。最近良い方法が見つかったらしい。

52



8 waves formulation

磁荷∇・Bによる力を打ち消すように、
ソース項を付加する。

( )

!-
¶
¶

-=

×Ñ-=
¶
¶

x
Bu

uB
t
B

x
x

x
x

　　
第8の波が現れる。
位相速度は ux
磁荷∇・Bをuで運ぶ波。

よどみ点や衝撃波で∇・Bが溜まってしまう。
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Hyperbolic divergence cleaning

赤：mixed GLM formulation による項（著者のお勧め）
橙：EGLM formulation による項

詳細は Dedner, Kemm, Kroner, Munz, Schnitzer, Wesenberg, 2002, JCP, 175, 645

固有値は9個

chとcpはフリーパラメータ
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２つの波（方程式）が追加; 7 + 2 waves

652 DEDNER ET AL.

∂t By + ∂x (Byux − Bxuy) = 0,

∂t Bz + ∂x (Bzux − Bxuz) = 0,

∂t e + ∂x

[
ux
(
e + p + 1

2
B2
)

− Bx (ux Bx + uy By + uz Bz)
]

= 0,

∂tψ + c2h∂x Bx = − c2h
c2p
ψ.

This system is hyperbolic, with an inhomogeneous part consisting of the source term in the
last equation. To prove its hyperbolicity it suffices to show that the matrix A entering into
the homogeneous quasi-linear form of (25),

∂tW+ A(W)∂xW = 0, (26)

is diagonalizable with real eigenvalues. HereW = (ρ, ux , uy, uz, Bx , By, Bz, p,ψ)T is the
vector of primitive variables and we find

A(W) =





ux ρ 0 0 0 0 0 0 0
0 ux 0 0 − Bx

ρ

By
ρ

Bz
ρ

1
ρ

0

0 0 ux 0 − By
ρ

− Bx
ρ

0 0 0

0 0 0 ux − Bz
ρ

0 − Bx
ρ

0 0

0 0 0 0 0 0 0 0 1
0 By −Bx 0 −uy ux 0 0 0
0 Bz 0 −Bx −uz 0 ux 0 0
0 γ p 0 0 (γ − 1)u · B 0 0 ux (1− γ )Bx
0 0 0 0 c2h 0 0 0 0





. (27)

From the structure ofAwe see again that the equations for Bx andψ are decoupled from the
remaining system. If we defineW′ := (ρ, ux , uy, uz, By, Bz, p)T and ifA′(W′) is obtained
from A(W) by cancelling the fifth and ninth row and column, then

∂tW′ + A′(W′)∂xW′ = 0 (28)

is the usual one-dimensionalMHDsystem in primitive variableswhich is obtained using (2).
In this casewe regard Bx as a parameter.A′ has seven linearly independent right eigenvectors
(see, e.g., [47]) and is therefore diagonalizable. Its eigenvalues are ux , ux ± cs , ux ± ca ,
ux ± c f . The speeds cs ≤ ca ≤ c f are given by

ca = |bx |, (29)

c f =
√
1
2
(
a2 + b2 +

√
(a2 + b2)2 − 4a2b2x

)
, (30)

cs =
√
1
2
(
a2 + b2 −

√
(a2 + b2)2 − 4a2b2x

)
(31)

HYPERBOLIC DIVERGENCE CLEANING 651

completes the momentum equations, while FL · u supplements the energy equation. Equa-
tion (20a) and some simple calculations yield the identities

FL = (∇ × B) × B = ∇ ·
(
BBT − 1

2
B2I

)
− (∇ · B)B. (22)

In the momentum equation the part in divergence form is added to the flux, while the second
term is considered to be a “source term.” Usually this second term is dropped, assuming
that the magnetic field is divergence-free. The total energy e consists of the hydrodynamic
energy and the magnetic energy |B|2/2. By means of considerations similar to those in
(22) we obtain the source term −B · (∇ψ) for the energy equation. Furthermore, in the
magnetohydrodynamic case Ohm’s law reads

E = −u× B. (23)

Using (23) we derive the magnetic field equations from (20b). The resulting system reads

∂tρ + ∇ · (ρu) = 0, (24a)

∂t (ρu) + ∇ ·
[
ρuuT +

(
p + 1

2
B2
)
I − BBT

]
= −(∇ · B)B, (24b)

∂tB+ ∇ · (uBT − BuT + ψI) = 0, (24c)

∂t e + ∇ ·
[(

e + p + 1
2
B2
)
u− B(u · B)

]
= −B · (∇ψ), (24d)

∂tψ + c2h∇ · B = − c2h
c2p
ψ. (24e)

Since it equals the GLM–MHD system (1a), (1b), (4), (1d), (5) extended by additional terms
on the right-hand side, we call this approach the extended GLM (EGLM) formulation of
the MHD equations.

3. EIGENSYSTEM OF THE CONSTRAINED MHD EQUATIONS

In this section we study the eigensystem of the GLM– and EGLM–MHD systems. We
compare its structure with that obtained for the original MHD equations and for the system
with divergence source terms [25, 36]. Furthermore, we show how the GLM– and EGLM–
MHD system can be modified to achieve Galilean invariance.
First we consider the GLM–MHD equations (1a), (1b), (4), (1d), (5) with the mixed

correction (17) in one space dimension:

∂tρ + ∂x (ρux ) = 0,

∂t (ρux ) + ∂x

(
ρu2x + p + 1

2
(
B2y + B2z − B2x

))
= 0,

∂t (ρuy) + ∂x (ρuxuy − Bx By) = 0,

∂t (ρuz) + ∂x (ρuxuz − Bx Bz) = 0,

∂t Bx + ∂xψ = 0, (25)

𝐵4と𝜓の波動方程式 𝜓の減衰
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Orzag-Tang (1979) vortex problem

温度分布 p/⇢

回転

回転

x, y 2 [0, 2⇡]⇥ [0, 2⇡],

t = ⇡,
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⇢
p
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1
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=
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�
p
4⇡ sin yp
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Orzag-Tang (1979) vortex problem

velocity
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初期条件の速度 初期条件の磁場
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New scheme
Boris-HLLD
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応用



Troublesome MHD simulations
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2 Matsumoto et al.

The latter approach is called the Boris correction (Boris 1970). With this correction, the speeds of the Alfvén and
magnetosonic waves are bounded by the speed of light, c, which can be set to an artificially low value. Moreover,
using the simplified version of the Boris correction,the steady-state solutions are independent of c. Both approaches
are included in the semi-relativistic MHD equations (Gombosi et al. 2002).
Methods that utilize a reduced Alfvén speed have been used not only in steady-state simulations but also in time-

dependent simulations of star formation (e.g., Allen et al. 2003), accretion disks (e.g., Miller & Stone 2000; Parkin
2014), and solar physics (e.g., Rempel 2017), and in space sciences (e.g., Lyon et al. 2004; Tóth et al. 2012). Shock-
capturing schemes usually employ the total variation diminishing (TVD) approach, but conventional Riemann solvers,
such as the Lax-Friedrichs scheme and the Harten-Lax-van Leer (HLL) scheme (Harten et a. 1983), have also been
adopted. A high-resolution, semi-relativistic Riemann solver that resolves many shocks and discontinuities is desirable.
The HLLD Riemann solver (Miyoshi & Kusano 2005) is one of the most widely used high-resolution schemes, being
used in simulation codes such as SFUMATO (Matsumoto 2007; Matsumoto et al. 2017), Athena++ (Stone et al. 2019;
Takasao et al. 2018), and PLUTO (Mignone et al. 2012). It resolves the contact discontinuity, Alfvén waves, and fast
waves. Although Parkin (2014) used the HLLD solver with the Boris correction, a simplified approach, in which the
numerical flux is not compatible with the Boris correction, was adopted.
In this paper, we propose a scheme that incorporates the Boris correction into the HLLD Riemann solver. The rest

of this paper is organized as follows. In Section 2, the HLLD solver with the Boris correction is derived. The results
of numerical tests are presented in Section 3. Finally, a summary of the main results and a discussion are presented
in Section 4.

2. INCORPORATION OF BORIS CORRECTION INTO HLLD SOLVER

2.1. Governing equations

The governing equations of the semi-relativistic equation with the Boris simplification are given as follows (Gombosi
et al. 2002),

@U

@t
+r · F = 0, (1)

U =

0

BBB@

⇢

(1 + V 2

A/c
2)⇢u

B

e

1

CCCA
, F =

0

BBB@

⇢u

⇢uu+ pT �BB

uB�Bu

(e+ pT )u� (B · u)B

1

CCCA
, (2)

u = (u, v, w)T , (3)

B = (Bx, By, Bz)
T , (4)

V 2

A =
|B|2

⇢
, (5)

e = ⇢
|u|2

2
+

p

� � 1
+

|B|2

2
, (6)

pT = p+
|B|2

2
, (7)

where U, F, ⇢, u, p, pT , e, B, VA, and c are the state vector, flux, density, velocity, pressure, total pressure, total
energy, magnetic field, Alfvén speed, and speed of light, respectively. The superscript T denotes the transpose of a
vector. Hereafter we refer to this formulation as the Boris correction. The di↵erence between this formulation and
the original MHD equations is the factor

�
1 + V 2

A/c
2
�
in the three components of momentum (see Equation (2)). This

factor indicates that inertia becomes large where the Alfvén speed is high compared to the reduced speed of light c.
For later convenience, we define ⇢A as,

⇢A =
|B|2

c2
, (8)

and write the three components of momentum as (⇢+ ⇢A)u, indicating that ⇢A is the extra inertia caused by the
magnetic fields.

Ideal MHD equations with Boris correction 

60

additional inertia comes 
from displacement current.

V 2
A/c

2
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Simplified version of Boris (1970) correction.
A form of the semi-relativistic MHD equations. 



Features of Boris-HLLD solver

• The solver adopts Boris correction.
◦ Alfven speed is bounded by c.

VA < c (= artificially reduced speed of light)
◦ Stable when  c > (a few) u
◦ You can take large timesteps

• It is based on HLLD solver.
◦ Four intermediate states in Riemann fan
◦ Sharp contact discontinuity
◦ No overshoot in shock waves
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Shock tube problem, Brio & Wo test

62

Boris-HLLD captures CD sharply.
Boris-HLLD shows NO overshoot at shock wave.
Boris-HLLD reduces fast wave speed.

Density Velocity



Orzag-Tang (1979) vortex problem

63

Crash!
vmax > c

HLLD
c = ∞

Boris-HLLD
c = 2

Boris-HLLD
c = 10

Boris-HLLD
c = 1



自己重力
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自己重力

• ポアソン方程式を解く

• FFT
◦ 高速な直接法

• マルチグリッド
◦ 高速な緩和法
◦ AMRとの相性が良い

• 共役勾配法
◦ クリロフ部分空間法のひとつ
◦ 高速な疎行列反転の反復法
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r2� = 4⇡G⇢ ,

<latexit sha1_base64="iP3V+Y67zUE+iV5keBasuTt2uy4="></latexit>
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g = �r�

離散化したポアソン方程式



緩和法： 短波長モードの収束が速い

66

初期の誤差

N = 64

35回ωヤコビ法を繰り返し

A Multigrid Tutorial
Van Emden Henson

誤差

誤差
短波長： 収束する
長波長： 残差が残る



Red-black ガウス・ザイデル法
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もっとも基本的な緩和法
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赤を使って黒を更新
黒を使って赤を更新

ポアソン方程式を差分化

緩和法の式



マルチグリッド法

68

様々な解像度の格子を準備
様々な波長の誤差を高速に収束させる



一様格子におけるマルチグリッド法

Ｓ =Gauss-Seidel
／= Interpolation
＼= Restriction

実格子 作業格子

演算回数 ∝ 実格子のセル数

内装: 良い初期値

S = Smoothing
GS法で収束

E = 厳密解を求める

／ = Inerpolation
内挿

＼ = Restriction
間引き
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線形偏微分方程式の解法
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Coarse grid correction (CGC)

m
H

m
HH dvL =ˆ

uh
m uh

m

dH
m

m
hhh

m
h uLfd -= v̂h

m uh
m + v̂h

m uh
m+1

Ih
H IH

h

smooth smooth

線形楕円型方程式： L u = f
（より一般的には行列反転）

添字 h …. 細い格子
添字 H …. 粗い格子

これを階層的に施す。

誤差を解く方程式

内挿
(prolongation)

間引き
(restriction)


